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Nonlocal Continuum Modeling and Molecular
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Abstract—This paper investigates the size effects in the dynamic
torsional response of single-walled carbon nanotubes (SWCNTs)
by developing a modified nonlocal continuum shell model. The pur-
pose is to facilitate the design of devices based on CNT torsion by
providing a simple, accurate, and efficient continuum model that
can predict the frequency of torsional vibrations and the propa-
gation speed of torsional waves. To this end, dispersion relations
of torsional waves are obtained from the proposed nonlocal model
and compared to classical models. It is seen that the classical and
nonlocal models predict nondispersive and dispersive behavior, re-
spectively. Molecular dynamics simulations of torsional vibrations
of (6,6) and (10,10) SWCNTs are also performed, the results of
which are compared with the classical and nonlocal models and
used to extract consistent values of the nonlocal elasticity constant.
The superiority and accuracy of the nonlocal elasticity model in
predicting the size-dependent dynamic torsional response of SWC-
NTs are demonstrated.

Index Terms—Carbon nanotube (CNT), molecular dynamics
(MD), nonlocal elasticity, torsional oscillator.

I. INTRODUCTION

CARBON nanotubes (CNTs) have attracted much attention
from scientists and engineers because of their relevance

to a wide range of applications in several branches of engi-
neering. Over the past decade, torsional paddle oscillators have
been developed, which use CNTs as torsional spring elements.
Papadakis et al. [1] built resonant paddle oscillators with multi-
walled CNTs as torsional springs. Hall et al. [2] built a paddle
oscillator by suspending a 400-nm gold paddle on an SWCNT
less than a micrometer in length. A schematic representation of
such a device is shown in Fig. 1. Through quasi-static actuation
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Fig. 1. Schematic of SWCNT torsional paddle oscillator/electromechanical
switch.

of the paddle by applying a voltage bias between the base plate
and the gold paddle, they induced torsion in the SWCNT and
measured its torsional properties, such as the average shear mod-
ulus [2]. By applying an ac signal of variable frequency, they
observed the resonance behavior of the SWCNT-based torsional
paddle oscillator, and measured resonance frequencies around
400 kHz and quality factors ranging from 450 to 1150 [3]. Use of
CNTs as torsional elements in devices, such as electromechani-
cal switches, torsional delay elements, electromechanical filters,
single-molecule torsional oscillators (CNT without suspended
paddle), and AFM tips, can also be contemplated. In all of the
aforementioned devices, the dynamic torsional response of the
CNT spring element underpins the overall performance of the
device; thus, the characterization and modeling of dynamic tor-
sional properties of CNTs could substantially inform the design
process. Earlier studies employed multiscale modeling of CNT
oscillators that require significant computational time [4], [5]. A
continuum modeling approach, which accounts for size effects,
can provide a much more computationally efficient alternative.

Among the various approaches used for the characterization
of CNT properties [6]–[8], continuum modeling has generated
much interest due to computational efficiency. At the nanoscale,
however, the dimensions of a system are comparable to the
interatomic or intermolecular spacing of that system, and the
material can no longer be modeled as a continuum. Modified
continuum models have been proposed to overcome the limita-
tions of classical continuum mechanics, among which, models
based on Eringen’s theory of nonlocal elasticity [9] have proven
effective in capturing the size-dependent mechanical response
of CNTs [10]–[12]. It should be noted that continuum mod-
els need to be first verified against more accurate, atomistic
methods, such as molecular dynamics (MD) simulations, be-
fore applying to analyze nanoscale systems.

Classical continuum beam and shell models are unable to
accurately predict the dynamic response of CNTs when the
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deformation wavelengths become comparable to the internal
characteristic length of CNT systems, i.e., the carbon–carbon
bond length [13]–[15]. As an example, classical shell mod-
els predict nondispersive behavior for axisymmetric torsional
waves traveling along a CNT, while MD simulations show dis-
persive behavior [16]. To overcome this deficiency of classical
continuum models in modeling the torsional response of CNTs,
Wang and Varadan [12] proposed a nonlocal elastic model based
on the Flugge shell theory. Unlike the classical Flugge shell
model, the model proposed in [12] was able to predict the dis-
persive behavior of axisymmetric torsional waves in a CNT in
the high-frequency region. In this model, the magnitude of dis-
persion depended on the value of the nonlocal constant, which
had to be determined for CNTs. This task was undertaken by
Hu et al. [16], who compared MD simulation results for the
phase velocity of axisymmetric torsional waves propagating in
a CNT with Wang’s model, and estimated the nonlocal constant
of CNTs to be in the range 0.2–0.6.

The MD simulations reported in [16] require further investi-
gation. First, the data points simulated are in the low-frequency
(long-wavelength) region, where the dispersive behavior is less
present and size effects are insignificant. Hence, the classical
and nonlocal models do not differ significantly in the long-
wavelength/low-frequency regime. In fact, only one data point
has been simulated for the high-frequency region in [16], and
the estimation of the nonlocal constant is based on that one
point. Second, the simulation procedure entails the harmonic
excitation of one end of the CNT, and the observation of the
time it takes for the excited wave of a given frequency to
travel the distance between two specific points on the CNT.
Although this is a possible way of measuring the phase ve-
locity, it is severely limited by the phonon band structure of
the CNT, which might contain bandgaps, i.e., frequency bands
in which waves do not propagate. This would make it a chal-
lenge to choose the frequency of the sinusoidal wave, excited
at one end of the CNT (in fact, this could be the reason why
there are so few data points in the high-frequency region of
the simulations in [16]). Furthermore, there is no real justifica-
tion that the excited wave consists of only one frequency, as it
could actually be a wave packet consisting of several different
frequencies.

Based on the aforementioned observations, this paper pro-
poses to investigate the free torsional vibrations (standing
waves) of CNTs instead of torsional waves to develop a set
of results that is more useful for practical applications. Note
that natural modes are standing waves arising from the superpo-
sition of two propagating waves of same frequency travelling in
the opposite direction, i.e., standing waves are discrete points on
the dispersion curve for propagating waves. Thus, they are able
to show the general dispersive behavior of propagating waves
as well as providing the following benefits.

1) Studying the free torsional vibrations of CNTs allows us
to accurately simulate different mode shapes of short and
long wavelengths, providing us with a rich dataset, es-
pecially in the high-frequency regions of the dispersion
curve, where the difference between the classical and non-
local models is expected to be more apparent. This can

result in an accurate estimation of the nonlocal elasticity
constant of CNTs.

2) In this paper, the MD simulation outputs are vibration
frequencies, which can be used to calculate both the group
and the phase velocities of propagating waves. The group
velocity is of special interest as it controls the energy flow
in the CNT.

3) It is possible to visualize the mode shape over several
hundred free vibration time periods and make sure that
only one specific natural frequency has been excited.

This paper is organized as follows. Section II introduces the
dispersion relations based on the classical and nonlocal elastic-
ity models. In Section III, MD simulation results are presented
for the axisymmetric torsional vibrations of (10,10) and (6,6)
armchair nanotubes. The natural frequencies from MD simu-
lations are then compared to those obtained from the nonlocal
model, and an estimate for the nonlocal constant is derived. The
phase and group velocities of MD simulations are then com-
pared to classical and nonlocal models, and the superiority of
the nonlocal model in predicting the dispersive behavior seen in
MD simulations is established.

II. CLASSICAL AND NONLOCAL DISPERSION RELATIONS

Assuming that a CNT can be modeled as a cylindrical shell
with mean radius a and uniform thickness h, the modified non-
local form of the differential equation that governs the torsional
vibrations/wave propagation is [16]

Eh

2(1 + υ)

(
1 +

h2

12a2

)
d2v

dx2 = (1 − ξ ∇2
R )(ρhv̈) (1)

where v is the circumferential displacement, E is the Young’s
modulus of the CNT, υ is the Poisson’s ratio for CNTs, ξ =
(e0d)2 is the nonlocal parameter, e0 is the nonlocal constant
to be determined for CNTs, and d is the internal characteristic
length of the system, i.e., the C–C bond length. Now taking into
account that h2 /a2 � 1 and introducing the shear wave speed
c =

√
G/ρ, the aforementioned equation can be simplified to

φ̈ − ξ
d2 φ̈

dx2 − c2 d2φ

dx2 = 0 (2)

where φ is the rotation of the cross section at x around the CNT
axis. This is the nonlocal form of the governing differential
equation for the torsional vibrations of a cylindrical shell. In
the absence of nonlocal effects, ξ = 0, and the aforementioned
equation reduces to its classical form, φ̈ − c2(d2φ/dx2) = 0
[17].

A. Propagating Wave Solution

Consider a plane torsional wave of the form φ = φ0ei(kx−ωt)

propagating along the axis of the cylindrical shell, where φ0
is the amplitude, i is the imaginary unit of complex numbers,
k = 2π/λ is the wave-number, λ is the wavelength, and ω is
the angular frequency of the propagating wave. The following
identities can be verified for the plane wave:

φ̈ = −ω2φ
d2φ

dx2 = −k2φ
d2 φ̈

dx2 = k2ω2φ. (3)
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Substituting the above relations into (2), the following charac-
teristic equation governing the wavenumber–frequency relation
(or dispersion) is obtained:

(−ω2 − ξω2k2 + c2k2)φ = 0. (4)

Thus, for a torsional wave propagating in a cylindrical shell,
the dispersion relation based on nonlocal elasticity is

ω2 =
c2k2

1 + ξk2 =
c2k2

1 + e2
0d

2k2 . (5)

Once again, in the absence of nonlocal effects (ξ = 0), the
aforementioned equation reduces to its classical (nondispersive)
form, ω2 = c2k2 .

It is instructive to examine and compare the group and phase
velocities of propagating waves based on the frequency relations
obtained earlier for both the nonlocal and classical solutions.

1) Classical Solution: The phase velocity Cp is the ratio of
the angular frequency ω to the corresponding wavenumber k.
The group velocity Cg is the ratio of infinitesimal changes in
ω and k (or the local slope of the ω − k curve). The classical
dispersion relation (ω2 = c2k2) is used to obtain phase and group
velocities

Cp =
ω

k
= c Cg =

dω

dk
= c. (6)

It is seen that in the classical solution, the phase and group
velocities are equal to the shear speed of sound and are constant
for all wavenumbers/frequencies, indicating no dispersion.

2) Nonlocal Solution: Here, the nonlocal dispersion relation
seen in (5) is used to find group and phase velocities. The phase
velocity is

Cp =
ω

k
=

c

(1 + ξk2)1/2 =
c

(1 + e2
0d

2k2)1/2 (7)

and the group velocity is

Cg =
dω

dk
=

c

(1 + ξk2)3/2 =
c

(1 + e2
0d

2k2)3/2 . (8)

It is seen that in the nonlocal solution, the group and phase
velocities depend on the frequency/wavenumber of the propa-
gating wave, indicating dispersion. The strength of dispersion is
governed by the positive nonlocal parameter ξ. The phase and
group velocities are smaller in the nonlocal case than the clas-
sical value c, and they decrease as the frequency of the waves
increase. With increasing frequency, group velocity decreases at
a faster rate compared to phase velocity. It is obvious to verify
that classical results [(6)] ensue from the nonlocal results in the
limiting case of ξ = 0.

B. Standing-Wave Solution

When covering MD simulations of the dynamic torsional
response of CNTs, it will be seen that it is much easier to simulate
and analyze the free vibrations (standing or nonpropagating
waves) of a CNT in order to see the real dispersion behavior.
Therefore, the free torsional vibrations of pined–pined CNTs
are simulated here, and the corresponding natural frequencies
are studied to calculate group and phase velocities and analyze
the dispersion behavior. If φ(x,t) is the rotation of the cross

section of a nanotube at a distance x from the support at time t,
the pinned–pinned boundary conditions state that

φ(0, t) = 0 φ(l, t) = 0 (9)

where l is the length of the nanotube.
For each simulation, the nanotube is predeformed to a natural

mode shape at t = 0 and released with zero initial velocity. Thus,
the initial conditions (at t = 0) are

φ(x, 0) = A sin
k′πx

l
, k′ = 1, 2, . . .

d

dt
φ(x, 0) = 0 (10)

where k′ is the nondimensional wavenumber (corresponding to
the number of half waves along the length of the nanotube)
related to k via k′ = kl/π, and l is the length of the nanotube.

If ω is the angular frequency of the vibration, it can be shown
that

φ(x, t) = A sin
k′πx

l
cos ωt (11)

where (11) is a solution of the governing differential equation
(2) and satisfies the boundary and initial conditions of (9) and
(10). Substituting this solution into (2), the following relation is
obtained: [

(l2 + ξk′2π2)ω2 − k′2π2c2] φ = 0. (12)

The dispersion relation is found by equating the term in the
brackets in the aforementioned equation to zero

ω2 =
c2(k′2π2/l2)

1 + ξ(k′2π2/l2)
=

c2(k′2π2/l2)
1 + e2

0d
2(k′2π2/l2)

. (13)

For comparison, the classical dispersion relation is obtained
by setting the nonlocal parameter to zero

ω2 = c2
(

k′2π2

l2

)
. (14)

Taking note that k′ is related to the wavenumber k (k = k′π/l),
it is seen that, as expected, the dispersion relations of (13) and
(14) are the same as the dispersion relations derived in (5) and
(7), respectively. Therefore, the classical and nonlocal group
and phase velocities derived in (6)–(8) hold for the case of free
vibrations as well. This was anticipated from the beginning since
free vibrations can be thought of as the superposition of two
propagating waves of the same velocity and amplitude traveling
in opposite directions.

C. Comparison of Classical and Nonlocal Models

Based on (7) and (14), classical models predict that, for tor-
sional waves (or torsional vibrations) in a cylindrical shell, there
is a linear relationship between the wavenumber (or mode shape)
and the corresponding natural frequency. Classical models also
predict that the phase and group velocities of torsional waves in
a cylindrical shell are constant, independent of the wavenumber,
and equal to the shear speed of sound.

In contrast to the classical models, the nonlocal models de-
rived in (5) and (13) show a nonlinear relation between the
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wavenumber of a torsional wave and its natural frequency. For
higher wavenumbers with smaller wave lengths, nonlocal mod-
els predict natural frequencies that are smaller than those pre-
dicted by the classical models. This increased compliance of
nonlocal models is due to the additional deformation mecha-
nisms allowed in accounting for the total strain energy.

A useful analogy to recall is the higher compliance of the Tim-
oshenko beam model compared to the Euler–Bernoulli beam
model. It is well known that the Timoshenko model predicts
lower values for natural frequencies and is indeed unavoidable
for describing vibrations of thick beams, where shear deforma-
tion is important, while the Euler–Bernoulli beam theory does
not account for shear deformation. Even for thin beams, shear
corrections become important at higher frequencies.

Nonlocal models predict that torsional waves in cylindrical
shells are dispersive; as the wavenumber increases, the cor-
responding phase and group velocities decrease. The highest
phase and group velocities obtained from the nonlocal model
correspond to the first mode shape or the smallest wavenumber,
and are equal to the shear speed of sound. It is important to
note from the nonlocal model that the magnitude of dispersion
depends on the value of the nonlocal parameter ξ.

It is useful to investigate the general behavior of the nonlocal
model, compare its nonlinearity to the linear classical model, and
quantify the relative errors that occur if the classical models are
used instead of nonlocal models. The nonlocal relation between
ω and k in (6) can be expanded as a Taylor series expansion of
the following form:

ω2
(k) =

c2k2

1 + ξk2 → ω(k) = ck(1 + ξk2)−1/2

⇒ ω(k) = ck +
−1/2

1!
cξk3 +

3/4
2!

cξ2k5 + · · · . (15)

It is seen that a polynomial describing the ω − k behavior
should only have odd powers of k. The aforementioned expres-
sion can be used to find the general behavior of group and phase
velocities

Cg =
dω(k)

dk
= c +

−3/2
1!

cξk2 +
15/4
2!

cξ2k4 + · · ·

Cp =
ω(k)

k
= c +

−1/2
1!

cξk2 +
3/4
2!

cξ2k4 + · · · . (16)

It is seen that polynomials describing the Cp − k and Cg − k
behavior should only have even powers of k, and are quadratic
in nature. The relative errors in calculating ω(k), Cg , and Cp

using the classical model are

error
(
ω(k)

)
=

ω(k),classical − ω(k),nonlocal

ω(k),classical

=
1/2
1!

ξk2 − 3/4
2!

ξ2k4 + · · ·

error (Cg ) =
Cg,classical − Cg,nonlocal

Cg,classical

=
3/2
1!

ξk2 − 15/4
2!

ξ2k4 + · · ·

error (Cp) =
Cp,classical − Cp,nonlocal

Cg,classical

=
1/2
1!

ξk2 − 3/4
2!

ξ2k4 + · · · . (17)

It is observed that the relative error is larger at higher
wavenumbers. As an example, for a mode shape with a
wavenumber of 1.3 × 1010 , corresponding to a wavelength of
4.8 Å, using a nonlocal constant value of e0 = 0.2 and an inter-
atomic spacing of d = 1.41 Å (ξ = e0

2d2), based on (17), the
relative errors in calculating ω(k), Cg , and Cp using the classi-
cal model are 7%, 20%, and 7%, respectively, and the nonlocal
values of ω(k), Cg , and Cp are equal to 93%, 80%, and 93%
of the corresponding classical values, respectively. For larger
values of the nonlocal constant, the errors could be even more
significant.

The aforementioned comparisons can be better understood
using a graphical demonstration. Fig. 2(a) compares the classical
and nonlocal models in terms of the ratio of phase velocity to the
shear speed of sound for various values of the wavenumber and
different values of the nonlocal constant, e0 . Fig. 2(b) shows the
same comparison for group velocities. The dispersive behavior
of torsional waves in the nonlocal model and their nondispersive
behavior in the classical model are clearly observed in Fig. 2.

III. MD SIMULATIONS

The MD simulation technique using NanoHive-1 software
[18] is used to simulate free torsional vibrations on (6,6)
and (10,10) armchair nanotubes. The simulations are based
on the adaptive intermolecular reactive empirical bond order
(AIREBO) potential [19], which is widely used for simulating
CNTs. Different torsional natural mode shapes of each nan-
otube are simulated, and the corresponding natural frequencies
are extracted using the simulation outputs.

A. Simulation Methodology and Setup

To find the natural frequency corresponding to each mode
shape, the nanotube is predeformed to that mode shape by
mathematically changing the coordinates (see Fig. 3) and ro-
tating each row of atoms around the CNT axis according to the
following relation:

φ(x, 0) = A sin
k′πx

l
(18)

where k′ is the mode number (or half wavelength) corresponding
to a certain mode shape, and l is the length of the CNT. Then, the
atoms at both ends are fixed to simulate pined–pined boundary
conditions (see Fig. 3), and the CNT is allowed to vibrate freely
for 100 000 time steps of 0.5 fs.

The rotation of the cross sections of the CNT is extracted as
an output of the simulation and plotted against time using the
MATLAB software. The natural vibration period is extracted by
visualizing the free vibrations in the NanoHive-1 post processor.
The time period is then used to find the natural frequency of
vibration corresponding to that mode shape. As an example,
Fig. 4 shows the free torsional vibrations of a (6,6) armchair
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Fig. 2. Comparison of the classical and nonlocal models at different wavenum-
bers and for different values of the nonlocal constant e0 : (a) phase velocities
and (b) group velocities. The dispersive behavior is clearly seen in the nonlocal
model results, whereas the classical model predicts a nondispersive behavior.

Fig. 3. Free torsional vibrations of a (6,6) armchair CNT at the eighth natural
mode shape corresponding to k′ = 8, where the mode shape is induced by
mathematically changing the atomic coordinates initially.

Fig. 4. Free torsional vibrations of a (6,6) armchair CNT at the eighth natural
mode shape corresponding to k′ = 8. Different instances of half a vibration
period (τ /2 = 160 fs) are shown.

CNT in the eighth natural modes shape corresponding to k′ =
8. At t = 0, the simulation starts, and the nanotube is allowed
to undergo free torsional vibrations. The rotation of the cross
sections of the CNT at different instances is shown. It is evident
that the eighth mode shape has a vibration period of τ = 320 fs.

An important consideration when performing the aforemen-
tioned MD simulations is the role of the thermostat. By scaling
the velocities to keep the temperature constant, the thermostat is
randomly introducing or taking away kinetic energy to or from
the system. Furthermore, the thermostatic kinetic energy is ran-
domly divided between atoms and might excite mode shapes
other than the original mode shape of the simulation. The pur-
pose of the aforementioned simulations is to find the natural
frequencies of pure mode shapes in free torsional vibrations,
and thus, the thermostat, which acts as an external stimulus, is
not applied to the system. Omitting thermostatic effects, the only
change in kinetic energy is due to the conversion of potential
energy of vibration and vice versa, and the total energy of the
system remains constant. Thus, the present simulations pertain
to free, undamped torsional vibrations.

The lengths of the CNTs were chosen such that each CNT
has 145 rows of carbon atoms in the axial direction. The number
of rows chosen earlier has the benefit that most of the simulated
mode shapes have nodes that coincide with the spatial position
(longitudinal coordinate) of a certain row of atoms. Since the
axial distance between two consecutive rows in an armchair
nanotube is 1.21Å , the total length of each simulated nanotube
is 174.24 Å.

B. Simulation Results

Results from MD simulation for the vibration periods and
natural frequencies of the different mode shapes of (6,6) and
(10,10) armchair nanotubes are shown in Tables I and II,
respectively.

From the data in Tables I and II, it is seen that the vibra-
tion frequencies of the simulated pinned–pinned nanotubes are
generally in the terahertz range. For the same mode shape or
wavelength, the (6,6) armchair CNT has slightly higher vibra-
tion frequencies compared to the (10,10) armchair, which is
due to the slightly higher surface shear modulus of the (6,6)
CNT. A comparison of the data obtained for the first and last
mode shapes of each of the simulated nanotubes shows that the
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TABLE I
VIBRATION PERIODS AND NATURAL FREQUENCIES OF SEVERAL DIFFERENT

MODE SHAPES OF A (6,6) ARMCHAIR CNT

TABLE II
VIBRATION PERIODS AND NATURAL FREQUENCIES OF SEVERAL DIFFERENT

MODE SHAPES OF A (10,10) ARMCHAIR CNT

torsional vibrations of the CNTs do not follow the classical dis-
persion relations of (6). This observation is further investigated
in the following.

C. Comparison of MD Simulation Results With Classical and
Nonlocal Models

Both the classical and nonlocal models for the angular fre-
quency of torsional vibrations seen in (14) and (13), respectively,
are dependent on the value of the shear speed of sound (c) in
CNTs, which is equal to

c =

√
G

ρ
=

√
G ·h
ρ ·h (19)

where G · h is the surface shear modulus previously obtained by
the authors [19], ρ is the mass density of the CNT, and ρ · h is
the surface mass density found using the following relation:

ρ =
m

V
=

m

2πahl
⇒ ρ · h =

m

2πal
. (20)

Thus, knowing the number of carbon atoms in the CNT, the
mass of each carbon atom, and the radius a and length l of
the CNT, the surface mass density ρ · h is easily calculated and
used in (19) along with the value of the corresponding surface
shear modulus G · h to find the shear speed of sound c. The

TABLE III
SURFACE SHEAR MODULUS, SURFACE DENSITY, AND SHEAR SPEED OF SOUND

FOR (6,6) AND (10,10) ARMCHAIR CNTS

values of the shear speed of sound calculated for (6,6) and
(10,10) armchair nanotubes using the aforementioned approach
are shown in Table III. Due to a slightly higher stiffness, the (6,6)
nanotube has a slightly higher shear speed of sound compared
to the (10,10) nanotube.

1) Comparison of Angular Frequencies: Based on the clas-
sical model of (14) and the values of sound speed given in
Table III, the angular frequencies of the first mode shape (k′ =
1) of torsional vibrations for (6,6) and (10,10) armchair CNTs
are as follows:

(6, 6) → ωk ′=1 = 2.51 × 1012 (rad/s)

(10, 10) → ωk ′=1 = 2.42 × 1012 (rad/s).

These values are almost identical to the angular frequencies
obtained from MD shown in Tables I and II (the error is less
than 0.5%). If the same classical model is used to find the an-
gular frequencies of the 72nd mode shape (k′ = 72) of torsional
vibrations for (6,6) and (10,10) armchair CNTs, the following
values are obtained:

(6, 6) → ωk ′=72 = 1.80 × 1014 (rad/s)

(10, 10) → ωk ′=72 = 1.74 × 1014 (rad/s).

The angular frequency values obtained from the classical
model are higher than those of MD simulation results (shown in
Tables I and II) and have errors of more than 5%. It is evident
that at these higher mode shapes with smaller wavelengths, the
classical model loses its accuracy (see Fig. 5), as discussed in
Section II-C.

In comparison, in the nonlocal model of (13), the term in the
denominator grows with increasing values of wavenumber, and
could compensate for the size effects that become significant at
smaller wavelengths. A least-square optimization algorithm is
used to find the correct value of the nonlocal parameter ξ (or
nonlocal constant e0) to be used in the nonlocal model. The op-
timized values for the nonlocal constant are found as 0.185 and
0.18 for the (6,6) and (10,10) nanotubes, respectively. It is seen
that using these nonlocal constant values, the nonlocal model
can predict the MD simulation results with sufficient accuracy,
both at small and large wavelengths (see Fig. 5). The earlier re-
sults obtained for the nonlocal constant values are comparable
to those previously reported. Hu et al. [14] compared nonlocal
shell models for the dispersion of torsional waves in CNTs with
results from MD simulations and reported an e0 value of 0.2 for
(10,10) armchair CNTs.

A question of practical interest is whether the nonlocal pa-
rameter ξ = (e0d)2 is unique? Currently available results from
the literature suggest otherwise [13], [15], [16], [20]. A primary
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Fig. 5. Comparison of classical and nonlocal models for the normalized an-
gular frequency versus mode shape number with MD simulation results for
(a) (6,6) CNT and (b) (10,10) CNT. For each nanotube, the corresponding
nonlocal constant to obtain the best fit is shown.

reason for this is the chirality of a nanotube, which introduces
an effect similar to anisotropy in an equivalent continuum struc-
ture. It is easy to visualize this behavior if one treats a nanotube
as a cellular structure and experimentally observes its response
for different chiralities. Another consequence of chirality is that
equivalent continuum elastic properties would also depend on
the mode of loading. It is, therefore, valuable to develop a re-
lationship between the chirality and nonlocal parameter for dif-
ferent modes of loading through either theoretical or numerical
simulation studies.

2) Comparison of Group Velocities: The group velocity is
the slope of the natural frequency versus wavenumber (ω − k)
curve. A numerical differentiation technique can be used to find
the slope, such as a two-point numerical differentiation of the
following form:

slope at wavenumber k =
ωk − ωk−1

k − (k − 1)
. (21)

Fig. 6. Comparison of the classical and nonlocal models for the normalized
group velocity versus wavenumber with MD simulation results for (a) (6,6)
CNT and (b) (10,10) CNT.

When using the aforementioned numerical differentiation tech-
nique, small errors in reading the MD simulation output can
lead to large errors in the derivative. A better way of finding
the slope would be to use curve fitting to find a polynomial that
portrays the general behavior of the ω − k curve, and then use
analytical differentiation to find the derivative of the polynomial
and calculate its value at different wavenumbers. As the nonlo-
cal model gives a precise fit to MD simulations, a polynomial
based on the nonlocal model could accurately model the MD
ω − k behavior.

Based on (15) and the discussion presented in Section II-C,
different polynomials are fit to the ω − k curve, and it is seen
that a third-order polynomial (ω(k) = ak + bk3) can model the
ω − k behavior with high accuracy. This third-order polynomial
is then differentiated to find the group velocities at different
wavenumbers. The MD group velocities obtained for (6,6) and
(10,10) armchair nanotubes are presented in Fig. 6 and com-
pared with the group velocities obtained from the classical and
nonlocal models of (14) and (13), respectively.
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The classical model predicts a constant group velocity equal
to the shear speed of sound c. The nonlocal model predicts group
velocities that decrease in a nonlinear manner with the increase
of the corresponding wavenumbers. Once again, it is seen that
the classical model is accurate for smaller wavenumbers (larger
wavelengths), but loses its accuracy at higher wavenumbers. If
the classical model is used for higher wavenumbers, it can result
in errors of more than 15% when compared to MD simulations
(see Fig. 6). In contrast to the classical model, the nonlocal
model is accurate at all wavenumbers (wavelengths), and when
used along with the nonlocal constants derived in Section III-C,
it reproduces the dispersion behavior seen in MD simulations.
Fig. 6 compares the classical and nonlocal models for group
velocity with the values obtained from MD simulations.

It is interesting to see how well the nonlocal model can predict
the group velocities obtained from MD simulations. This is done
by studying the “goodness of fit” in Fig. 6 through the chi-square
(χ2) test. The chi-square parameter is the sum of the differences
between observed and expected outcomes, each squared and
divided by the expectation

χ2 =
∑ (O − E)2

E
. (22)

In this example, the observed quantities are the MD simu-
lation results, and the expected outcomes are the results from
the nonlocal model. Fig. 6(a) and (b) has χ2 values of 1.49e−4
and 2.26e−4, respectively. The χ2 values are very small com-
pared to the average value of the observed or expected outcomes
(which is between 0.84 and 1), and this indicates a very high
goodness of fit.

3) Comparison of Phase Velocities: The phase velocities
corresponding to MD simulations can easily be found by find-
ing the ratios of the natural frequencies ω to their corresponding
wavenumbers k. The polynomial expression found in the previ-
ous section describing the ω − k behavior of MD simulations is
used to find the ω/k ratio and calculate the phase velocity corre-
sponding to each wavenumber k. The phase velocity values of
the different mode shapes of (6,6) and (10,10) armchair CNTs
obtained from MD are shown in Fig. 7 along with the phase ve-
locities calculated using the classical and nonlocal models [(6)
and (7)].

The classical model predicts a constant phase velocity equal
to the shear speed of sound c. The nonlocal model predicts phase
velocities that decrease in a nonlinear manner with the increase
of the corresponding wavenumbers. Once again it is seen that
the classical model is accurate for smaller wavenumbers (larger
wavelengths) but loses its accuracy at higher wavenumbers.
In contrast, the nonlocal model is accurate at all wavenumbers
(wavelengths), and when used along with the nonlocal constants
derived in Section III-C, it can precisely convey the dispersion
behavior obtained from MD simulations.

It is important to note that the dispersion behavior of phase
velocities seen in the nonlocal model as well as MD simulations
(see Fig. 7) is similar to the behavior previously reported in [16].
However, the phase velocity derived for the first mode shape in
this paper (which is equal to the shear speed of sound) is larger
than the value previously reported [16]. This is probably due to

Fig. 7. Comparison of local and nonlocal models for the normalized phase
velocity versus wavenumber with MD simulation results. (a) (6,6) CNT. (b)
(10,10) CNT.

the higher torsional stiffness or surface shear moduli that has
been derived for the armchair nanotubes in this paper, which in
turn could be caused by the use of different potential functions
in the MD simulations and the simulation temperatures. Once
again, we emphasize that the approach used for finding the value
of the nonlocal constant in this paper is more accurate compared
to that of [16] due to the large number of data points simulated
in the high-frequency region of the dispersion curves.

Regarding the accuracy of the nonlocal model in predicting
the MD simulation results for phase velocities, Fig. 7(a) and (b)
has chi-square parameter (χ2) values of 6.94e-6 and 7.457e-5,
respectively, which once again indicates a very high degree of
fit of the nonlocal model to the MD simulation results.

A lumped parameter model can be postulated for the paddle
oscillator in Fig. 1. The CNTs on either side of the block can
be modeled as two torsional springs in parallel, each of stiffness
Geff ·Ip /L, where Geff is the effective nonlocal shear modulus, Ip
is the polar area moment of inertia of cross section, and L is the
length of the CNT element. The effective shear modulus Geff
can be obtained from a comparison of the classical dispersion
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relation for shear waves (ω2 = c2k2) with the corresponding
dispersion relation of the nonlocal continuum model given in
(5): Geff = G/(1 + ξk2). The equivalent mass moment of inertia
from the central block and the CNT springs Jtotal can be found
for each mode. It may be observed that the effective torsional
stiffness of oscillator depends on the nonlocal parameter ξ and
the wavenumber k via the effective shear modulus: the effective
shear modulus of the nanotube Geff decreases with increasing
wavenumber k, indicating that nonlocal effects are significant
for short wavelengths deformation modes or high-frequency
modes of operation of the resonator. One should also note that
increasing the central mass increases Jtotal , and hence, decreases
the natural frequencies.

IV. CONCLUSION

MD simulation of torsional vibrations of a pinned–pinned
CNT provides a simple, effective, and efficient method for find-
ing the natural frequency of vibrations. The natural frequency
can subsequently be used to find the group and phase velocities
of torsional waves propagating in a CNT. Through comparison
of the MD simulation results with classical and nonlocal disper-
sion relations, it is found that the nonlocal constant is about 0.18
for torsional waves propagating in (6,6) and (10,10) armchair
nanotubes. Using this value for the nonlocal constant, the nonlo-
cal dispersion relation can predict the MD natural frequencies,
and group and phase velocities with high accuracy (maximum
error of 0.5%). The use of the classical dispersion relations could
lead to errors as high as 15% in predicting the group velocity
of torsional waves in the high-frequency region. Taking into
account that the group velocity governs the flow of energy in a
system, this error could be a significant factor in the design of
devices, such as torsional oscillators or electromechanical delay
elements based on CNT torsion, and has to be accounted for.
The superiority of the nonlocal model over the classical model
in predicting the real dispersion behavior of torsional waves in
CNTs is established.
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